Abstract. In this paper, we prove a sphere theorem for Riemannian manifolds with partially positive curvature which generalizes the classical sphere theorem.
Introduction
The celebrated Rauch-Berger-Klingenberg sphere theorem [1] states that, if M is an n-dimensional complete simply connected Riemannian manifold with sectional curvature K M satisfying 1 < K M ≤ 4, then M is homeomorphic to an n-sphere S n . In 1977, Grove and Shiohama [2] generalized this sphere theorem to the following form : If the sectional curvature and diameter of M satisfy d(M ) > π 2 and K M ≥ 1 then M is homeomorphic to S n . In this paper, we shall prove a sphere theorem for manifolds with partially positive curvature which also generalizes the RauchBerger-Klingenberg sphere theorem.
Before stating our results, we fix some notations for the k-th Ricci curvature of a Riemannian manifold (Cf. [4] , [6] ). Let M be an n-dimensional Riemannian manifold. If, for any point x ∈ M and any (k + 1)-mutually orthogonal unit tangent vectors e, e 1 , ..., e k ∈ T x M , we have k i=1 K(e ∧ e i ) ≥ kc (resp., > kc), we say that the k-th Ricci curvature of M is not less than kc ( resp., larger than kc ) and denote this fact by Ric (k) (M ) ≥ kc (resp., > kc ). Here, K(e ∧ e i ) denotes the sectional curvature of the plane spanned by e and e i (1 ≤ i ≤ k). Thus, Ric (1) (M ) ≥ c (resp., > c ) is equivalent to K M ≥ c (resp., > c ) and Ric (n−1) (M ) ≥ (n − 1)c (resp., > (n − 1)c ) is equivalent to the fact that the Ricci curvature of M satisfies Ric M ≥ (n − 1)c (resp., > (n − 1)c ). Also, it is easy to see that
Now we can state our main theorem as follows.
CHANGYU XIA
Let M = CP 2 (4) be the complex projective space of complex dimension 2 and of holomorphic sectional curvature 4. Then the injectivity radius of M is π 2 and Ric (3) (M ) = 6 > 3, but M is not homeomorphic to S 4 . This example shows that the curvature condition " Ric ([
We remark that when n = 3, Theorem 1 is a special case of Hamilton's theorem [3] . An important result of Hartman [4] states that if M is an n(≥ 3)-dimensional complete simply connected Riemannian manifold with K M ≤ 4 and Ric (n−2) (M ) ≥ n − 2, then the injectivity radius of M satisfies i(M ) ≥ π 2 . Thus, Theorem 1 immediately implies the following generalized form of the classical sphere theorem:
A Proof of Theorem 1
Before proving Theorem 1, we list some basic facts we need. Let M be a compact n-dimensional Riemannian manifold with boundary. For any 1 ≤ k ≤ n − 1, let Λ k : ∂M → R be the function on ∂M defined by Λ k (p)= the minimum of all sums of any k eigenvalues of the second fundamental form of ∂M at p with respect to the outward-pointing unit normal Proof of Theorem 1. When n = 3, Theorem 1 follows from Hamilton's theorem [3] . Thus, we can assume n ≥ 4. Let B(p, r) be the open geodesic ball of radius r with center p. Since the injectivity radius of M at p is not less than 
, B(p, r) is homeomorphic to an n-disk and the boundary ∂B(p, r) of B(p, r) is a smooth hypersurface and it is homeomorphic to an (n
, we know that Ric M > n − 1, thus M is compact by Bonnet-Myers theorem [1] , and so we can find a positive constant δ such that Ric ([
; then l < then follows from the second variation formula of arc-length ( see p.99 in [5] ) that
where R is the curvature tensor of M .
Thus, from Ric ([
] + δ and (1), we get . By a basic argument in topology, one can deduce that M is homeomorphic to the sphere S n . This completes the proof of Theorem 1.
